Evolution of periodic orbits in Sun-Mars and Sun-Earth systems are analyzed using Poincare surface of section technique and the effects of solar radiation pressure of bigger primary and actual oblateness of smaller primary on these orbits are considered. It is observed that solar radiation pressure of bigger primary has substantial effect on period, orbit's shape, size and their position in the phase space. Since these orbits can be used for the design of low energy transfer trajectories, so perturbations due to solar radiation pressure has to be understood and should be taken care of during trajectory design. It is also verified that stability of such orbits are negligible so they can be used as transfer orbit. For each pair of solar radiation pressure q and Jacobi constant C we get two separatrices where stability of island becomes zero. In this paper, detailed stability analysis of periodic orbit having two loops is given when q = 0.9845.
Introduction
A Hohmann transfer (Hohmann, 1925 ) is effectively used to transfer a spacecraft from one circular orbit to another in a most fuel efficient way. The "low-energy" transfer trajectory [1] is used to describe the space trajectories that consume less fuel compared to Hohman transfer (Hohmann, 1925) . The planar restricted three body problem (PRTBP) has long been used in celestial mechanics because it is one of the simplest non-integrable dynamic systems. RTBP refers to the motion of body of negligible mass, known as secondary body, under the sole influence of two massive primary bodies Sun-Earth, Earth-Moon etc. For mathematical simplicity, we shall take the total mass of primaries normalized to 1. The mass of smaller primary is taken as μ so that the mass of its bigger counterpart is 1 − μ. The primaries are moving in a circular orbit in counter clockwise direction about their common center of mass with angular velocity normalized to 1.
The third body, an artificial satellite or spacecraft, is moving in the same plane of motion of the primaries.
The "low-energy" transfer orbits are important in the study of practical problems regarding transfer of orbits. Low energy transfer of orbit to moon has been studied by [1] . In their study, they have considered four bodies Sun-Earth-Moon-Space craft as coupled three body systems, namely Sun-Earth-space craft and Earth-Moon-space craft. They constructed low energy transfer trajectories from the earth which executed capture at the Moon.
Study of orbits of bodies in RTBP has been described in detail by [2] . The equations of motion consist of non-linear equations and hence analytic methods seldom give physically useful results. So, a widely used method for describing the motion of secondary body (space craft) is the Poincare Surface of Section (PSS) method. [3] has given a detailed analysis of periodic orbits using PSS technique.
As per Kolmogorov-Arnold-Moser (KAM) theory (Moser, 1966) , a fixed point on the Poincare surface of section represents a periodic orbit in the rotating frame, and the closed curves around the point correspond to the quasi-periodic orbits. [4] analyzed the PSS for Earth-Moon system without considering any perturbation. [5] also had analysed Sun-Mars system by incorporating perturbations due to solar radiation. They have identified periodic, quasi-periodic solutions and chaotic regions from the PSS.
Similar studies have been made by [6] for Saturn Titan system. [7] analyzed the family "f" orbits around smaller primary under RTBP for 14 systems under ideal conditions. Recently, [8] analyzed Sun and Saturn centered periodic orbits with solar radiation pressure and oblateness and found that there is a substantial effect of solar radiation pressure on position and geometry of infinitesimal particle orbit. [9] had studied family "f" orbits and their stability for Sun-Saturn system with perturbation. In their study Sun was taken as a source of radiation and Saturn was considered as oblate spheroid. By taking the actual coefficient of oblateness for Saturn and different values of solar radiation pressure, the family "f" orbits has been analyzed in detail.
Periodic orbits of spacecraft around the two massive primaries are used to construct low energy trajectory. In this paper, we have studied periodic orbits around both primaries in the frame work of RTBP using PSS method. [10] established three classes with orbits around both primaries depending on motion of spacecraft is prograde or retrograde in the rotating system as well as fixed system. In this paper we have analyzed periodic orbits around both primaries with retrograde motion in rotating system and analyzed periodic orbits having number of loops from 1 to 5 for different pairs of solar radiation pressure q and Jacobi constant C for Sun-Mars and Sun-Earth system. It has been found that q and C have substantial effect on the position in phase space, shape and size of the orbits and hence must be considered during low energy trajectory design.
Equations of Motion
Let m 1 and m 2 be two masses of first and second primary bodies, respectively. Mass of first primary is greater than mass of second primary. The solar radiation pressure force F p changes with the distance by the same law as the gravitational attraction force F g and acts opposite to it. It is possible to consider that the result of the action of this force leads to reducing the effective mass of the sun [5] . Accordingly, the sun's resultant force acting on the particle is 1 ,
where
, known as the mass reduction factor constant for the given particle.
We follow the notation and terminology of [2] . It is clear from Equation (1) that q = 1 indicates g F F = and hence the solar radiation pressure drops to zero.
The perturbed mean motion n of second primary body is given by, 
Here A 2 is oblateness coefficient of second primary. ρ e and ρ p represent equatorial and polar radii of second primary and R is the distance between two primaries.
The unit of mass is chosen equal to the sum of the primary masses and the unit of length is equal to their separation. The unit of time is such that the Gaussian constant of gravitation is unity in the unperturbed case. The usual dimensionless synodic coordinate system Oxy is used to express the motion of the secondary body (space craft).
Choose a rotating coordinate system with origin at the center of mass, the primaries lie on the x-axis at the points (−μ, 0) and (1 − μ, 0), respectively, where mass factor ( ) 
where 
System of Equation (4) lead to the first integral
where C is Jacobi constant of integration given by
These equations of motion are integrated in (x, y) variables using a Runge-Kutta Gill fourth order variable or fixed step-size integrator. The initial conditions are selected along the x-axis. By defining a plane, say 0 y = , in the resulting three dimensional space the values of x and x  can be plotted every time the particle has 0 y = , whenever the trajectory intersects the plane in a particular direction, say 0 y >  . We have constructed Poincare surface section (PSS) on the x, x  plane. The initial values were selected along the Ox-axis by using intervals of length 0.001. By giving different value of C we can plot the trajectories, and then analysis of orbits can be done.
Results and Discussion
We shall consider two systems, the Sun-Mars system and the Sun-Earth system. × respectively. q = 1 means that there is no perturbation due to solar radiation pressure and q < 1 indicates that we are including perturbation due to solar radiation pressure. For a given q, selection of C is not arbitrary. By solving Equation (9) w.r.t. Table 1 and Table 2 shows range of admissible values of C for Sun-Earth and SunMars system. It can be observed that for Sun-Mars system size of excluded region is more than size of excluded region of Sun-Earth system. So, we can say that as mass factor increases, size of excluded region decreases. We have analyzed the effect of solar radiation pressure on admissible value of Jacobi constant C. We have studied the effect of solar radiation pressure on the location and period of Sun-Mars system for different values of Jacobi constant C using PSS. Figure 1 −  -plane in Figure 1 . The arcs of PSS are known as islands whose center gives periodic orbits.
In a similar way, we have obtained PSS for Sun-Earth system as shown in Figure 2 .
This PSS is also constructed for the pair (q, C) given by (0.9845, 2.94). Our aim is to make a comparative study of the effect of solar radiation pressure on different parameters of the orbits of the secondary body (space craft) in the Sun-Earth and Sun-Mars systems using PSS technique. Mass factor µ of Sun-Earth is greater than Sun-Mars.
The numerical values of location and period of periodic orbit of spacecraft for C = 2.93, 2.94, 2.95, 2.96 and for q = 1, 0.995, 0.99 and 0.9845 are displayed in Table 3 . It is but has no effect on the period and number of loops of the orbit. Solar radiation pressure also affects the location and period of the orbit. Similarly, the effects of C and q in the location and period for the Sun-Earth system are studied and the numerical estimates of the changes are displayed in Table 4 . It can be seen that, for both the systems, the period of orbit increases with increase in the number of loops.
A noticeable difference observed in both the systems is that for C = 2.96, q = 0.995, single-loop periodic orbit, for C = 2.96, q = 0.99 two loops orbit, for C = 2.96, q = 0.9845, three loops periodic orbit does not exist for Sun-Earth system where as it exists for Sun-Mars system.
The periodic orbits starting from single-loop to five loops in the Sun-Mars system for q = 0.9845 and 0.995 are shown in Figures 3(a) -(j). It can be observed, from Figure 3 and Figure 4 , that the width of the orbit decreases continuously as the number of loops increases. Also, as perturbation due to solar radiation pressure decreases from q = 0.9845 to 0.995 we can observe that size of the loop increases. Further, it can be noticed that as the perturbation due to solar radiation pressure increases (that is, q decreases), the location of the closest approach of the space craft shifts towards the second primary body in both Sun-Mars and Sun-Earth system. This is contrary to the effect of oblateness of the second primary. That is, as the oblateness coefficient increases the position of the Table 4 . Analysis of periodic orbit for different pairs of q and C for Sun-Earth system. closest approach of the space craft receeds from the second primary [9] . Further in all tively. For both of these figures value of Jacobi constant C is 2.94. The expression for semi-major axis a and eccentricity e of the periodic orbits around both primaries are given by [3] . . Periodic orbits around both primaries for Sun-Earth system for C = 2.94.
where,
2 
Using the set of Equations (10)- (14), for different number of loops and selected val-ues of Jacobi constant C and solar radiation pressure q, the location of the orbit, the semi major axis a and eccentricity e of the periodic orbits are calculated and numerical values are given for Sun-Mars system in Table 5 .
From Table 5 , it can be noticed that for a fixed number of loops, a decrease in the value of Jacobi constants from 2.96 to 2.93 cause the orbits to recede from the Mars; the semi-major axis decreases and the eccentricity of the orbit increases. Similar effects can be observed for Sun-Earth system and the numerical estimates of these effects are displayed in Table 6 .
We have studied the variation of position of periodic orbits around Sun-Mars and Sun-Earth system due to the variation in solar radiation pressure and Jacobi constants C. In Figure 5 we Similar kind of conclusion can be drawn from Figure 6 for the Sun-Earth system.
We have studied the effect of q and C on the position of the orbits having loops varying from 1 to 5 for both Sun-Mars and Sun-Earth systems. The results of these From Figure 9 and Figure 10 , it can be observed that for given solar radiation pressure, location of periodic orbit moves away from second primary as number of loops in Figure 8 . Variation in location of five loops periodic orbit around Sun-Earth system due to solar radiation pressure. corresponding to variation in q for given C. green curve shows non smooth behavior corresponding to periodic orbit for C = 2.94, q = 0.9845 which is located at x = 0.994601, loses its periodicity after t = 110.
We have also analyzed the effect of number of loops on the eccentricity of the orbit.
These effects are depicted in Figure 21 and Figure 22 . It is found that the eccentricity decreases as number of loops increases. For a given loop, the eccentricity is found to decrease as solar radiation pressure increases 1 to 0.9845. In Table 5 Table 6 also. In Table 6 distance of secondary body from Earth is denoted by D 1 . V can be obtained using Equation (11) .
The conversion from units of distance (I) and velocity (J) in the normalized dimension less system to the dimensionalized system is given by,
Distance
,
where L is the distance between the centers of both primaries in km. O is the orbital velocity of second primary around first primary [12] . It can be observed from Table 7 and Table 8 Table 7 , it is observed that single loop orbit for q = 1 is closest to Mars and this distance is 7.521 × 10 7 km. which is obtained using C = 2.96 for q = 0.995. Similar notations are used in Table 6 also.
Here D 1 is the distance of secondary body from Earth. From Table 8 , it is observed that single loop orbit for q = 0.99 is closest to Earth and this distance is 7.535 × 10 5 km. This orbit is obtained by taking C = 2.95.
We have analyzed stability of periodic orbits from loop 1 to 5 for q = 1, 0.995, 0.99 and 0.9845. Since stability behavior is similar for all these orbits, in this paper stability analysis for two loop orbit corresponding to q = 0.9845 is given. Figure 23 shows stability region for q = 0.9845 for two loop orbits. The left and right tips of the island are plotted by red and green curves, respectively. From Figure 23 it is clear that size of stability region is very small in comparison to "f" family orbit [9] . So, these periodic orbits can be used as a transfer orbits as they are not stable. So, secondary body required few amount of fuel than Hohmann transfer. of first separatrix at C = 2.93 which is looks like a straight line where as for "f" family orbit it is triangular due to third order resonance [9] . It can be seen that size of this island is zero. Figure 27 shows two loop orbit corresponding to first separatrix when q = 0.9845. Figure 28 shows for C = 2.94 again size of island increases and it becomes maximum, where as for C = 2.95 again size of island becomes zero, which is second separatrix as shown in Figure 29 . Two loop orbit corresponding to second separatrix is given in Figure 30 .
Conclusions
We 2.96, q = 0.9845, three loops periodic orbit does not exist for Sun-Earth system whereas it exists for Sun-Mars system.
The distance of closest approach of the infinitesimal particle from the smaller primary decreases with increase in solar radiation pressure from 1 to 0.9845 and distance between smaller primary and infinitesimal particle increases as number of loops increases for a given C and q. It is found that the eccentricity decreases as number of loops increases. For a given number of loops, the eccentricity is found to decrease as solar radiation pressure increases from 1 to 0.9845. Thus, the present analysis of the two systems-Sun-Mars and Sun-Earth systems-using PSS technique reveals that q and C has substantial effect on the position, shape and size of the obit.
It can be observed that for given solar radiation pressure and given number of loops, as Jacobi constant decreases, initial velocity of infinitesimal particle (space craft) and distance of infinitesimal particle (space craft) from second primary increase and distance of infinitesimal particle (space craft) from first primary body decreases. For given Jacobi constant and given number of loops, as solar radiation pressure increases from 1 to 0.9845, initial velocity decreases and distance of infinitesimal particle (space craft) from second primary decreases. So, distance of infinitesimal particle (space craft) from first primary increases. Thus, the effect of Jacobi constant C and solar radiation pressure q is opposite in nature. For given value of solar radiation pressure q and Jacobi constant, as number of loops increases, distance of infinitesimal particle (space craft) from second primary increases and distance of infinitesimal particle (space craft) from first primary decreases. It is further observed that for Sun-Mars system, single loop orbit for q = 0.995 and C = 2.96 is closest to Mars and this distance is 7.521 × 10 5 km, whereas for Sun-Earth system, single loop orbit for q = 0.99 and C = 2.95 is closest to
Earth and this distance is 7.535 × 10 5 km. Since these orbits can be used for designing low-energy space mission. Hence detailed study is presented in this paper.
Stability analysis of this family of orbit indicates that these orbits having smaller stability region in comparison to "f" family orbit. So, these orbits can be used as a transfer trajectory as less amount of fuel required for transferring of satellite from one orbit to another orbit. For each pair of (q, C), there are two separatrices exist where stability of periodic orbit becomes zero.
